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The cosmic emergence* 
of thin discs

Order out of Chaos: 
secular thick and thin disc settling 

* emergence = the arising of novel and coherent structures through self-organization in complex systems
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2Understanding formation of massive thin discs?

Key Question:
How does each kinematic component (disk / spheroid) form?

kinematic morphology of galaxies evolve?                    
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3The New Horizon simulation

New Horizon Simulation (c) M Park 2020
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Figure 1. The r-band face-on and edge-on images of the 18 selected NH galaxies at z = 0.3, in descending order of stellar mass
of galaxies. The extent of each box for the face-on image is 2R90 of each galaxy, while the height of the box for the edge-on
image is R90. The R90 is the 3D radius containing 90% of the total stellar mass of a galaxy. The white bar represents 5 kpc.
The kinematic bulge-to-total ratio (B/T ) of each galaxy is presented at the bottom.

and thick disks, such as scale heights and luminosity ra-
tios, when the double-component fitting is applied to the
vertical profiles of the simulated galaxies. Then, we will
separate the two disk components based on the vertical
profile and identify which stellar particles belong to each
component. In an attempt to see how physically distinct
the two components are, we will focus on the di↵erence
between the two components in various properties, such
as the fraction of stars formed ex situ, age, metallicity,
kinematics, and birthplaces.

3.1. The two-component fits to the vertical profiles

3.1.1. The Galactica galaxy

First, we check the radial and vertical profile of the
Galactica galaxy at z = 0.0. The top panels of Fig-
ure 2 show the face-on and edge-on r-band images of

the Galactica galaxy. The r-band flux of each stellar
particle is calculated based on its age and metallicity fol-
lowing the Bruzual & Charlot (2003) stellar population
model, without dust extinction. The galaxy’s stellar
mass and size are about half that of the MW; the stellar
mass of this galaxy is 2.75⇥1010 M�, and the half-mass
radius (R50) andR90, the radius within which 90% of the
total stellar mass is contained, are 1.9 kpc and 8.0 kpc,
respectively.
We measure the radial and vertical profiles of this

galaxy in both mass and r-band luminosity. The radial
profile is measured from the face-on images and the com-
bination of the Sersic (Sérsic 1963) and exponential disk
profiles is applied to the radial profile, which gives the
bulge-to-total ratios, [B/T ]fit, of 0.38 (mass) and 0.18
(r-band). To measure the vertical distribution, we use

4Other examples (out of 1000s)



 

 
FLJXUe 2. TKe WLPe VeTXeQce, fURP UedVKLfW ​]​=4 WKURXJK 1, Rf dLVc VeWWOLQJ Rf RQe e[aPSOe                
JaOa[\. TKe WRS WZR URZV VKRZ PRcN LPaJeV WKaW aUe cUeaWed XVLQJ WKUee fLOWeUV Rf JWST                
(NIRCaP F070W, F090W aQd F115W) aW WKe JWST VSaWLaO UeVROXWLRQ (0.04 aUcVec/SL[eO),            
aVVXPLQJ a K\SRWKeWLcaO dLVWaQce Rf 200 MSc. TKe WRS aQd PLddOe SaQeOV VKRZ face-RQ aQd               
edJe-RQ YLeZV Rf WKe JaOa[\ UeVSecWLYeO\. TKe VcaOe Rf eacK LPaJe LV WZLce WKe UadLaO UaQJe LQ                 
WKe aVVRcLaWed bRWWRP SaQeO. TKe  bRWWRP  SaQeOV  VKRZ  WKe UadLaO dLVWULbXWLRQ Rf VWaU             
SaUWLcOeV LQ WKLV JaOa[\, LQ WeUPV Rf WKe cLUcXOaULW\ SaUaPeWeU, ​H​, ZeLJKWed b\ WKeLU X-baQd fOX[.                
TKe URWaWLQJ dLVc (WKLcN ORcXV aW ea1) aSSeaUV dUaPaWLcaOO\ beWZeeQ ]=3 ​aQd ​]=2​, ZKLOe,              
SUecedLQJ WKaW eSRcK, VWeOOaU PRWLRQV aUe OaUJeO\ dLVRUdeUed (ZLWK a ZLde dLVWULbXWLRQ ceQWeUed             
RQ e=0). OQce VeWWOed, WKe dLVc LV PaLQWaLQed XQOeVV PaMRU PeUJeUV dLVUXSW LW. TKe YaOXe Rf ​9​/​ı                 
LV VKRZQ abRYe WKe bRWWRP SaQeOV. 
 
 
 
 
 
 
 
 
 
 

 

5Disc settling: numerical evidence 



6Disc settling: timeline of a thin galactic disc  
New Horizon Simulation



7Synopsis of presentation

• Why do disc settle ? Because Q 1 

• But Why does Q 1?  Because tighter control loop ( ) via wake  

• But how does it impact settling? Because wake also stiffens coupling

→
→ tdyn ≪ 1

New Horizon

Ring toy model

• Convergence towards Q~1  
— is dual to settled fraction of discs increasing with mass and cosmic time  
— implies that thick and thin discs grow together


• Environment need to detune & stellar component to dominate: secular mode 
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8Gravitational wake/polarisation/dressing

[δψ]dressed =
[δψ]bare
|ε(ω) |

Tdressed ≃ |ε | TbareTdressed ≃ |ε | Tbare

Ωdressed ≃ 1
|ε |

Ωbare

Chandrasekhar polarisation

Gravitational Wake
510 Chapter 6: Disk Dynamics and Spiral Structure

Figure 6.19 Evolution of a packet of leading waves in a Mestel disk with Q = 1.5 and
fd = 1/2 (equal contributions from the disk and the rigid halo to the flat circular-speed
curve). Contours represent fixed fractional excess surface densities; since the calculations
are based on linear perturbation theory, the amplitude normalization is arbitrary. Con-
tours in regions of depleted surface density are not shown. The time interval between
diagrams is one-half of a rotation period at corotation. ILR, CR, and OLR denote the
radii of the inner Lindblad resonance, the corotation resonance, and the outer Lindblad
resonance. From Toomre (1981), c© Cambridge University Press 1981. Reprinted by
permission of Cambridge University Press.
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Fig. 13.Allure du mode m=2 le plus rapide pour un disque à bulbe variable. Les valeurs des paramètres sont portées sur chaque figure. Le cercle
en trait plein représente la résonance interne de Lindblad et le cercle en pointillés est placé au rayon de corotation. La barre centrale ne sétend
jamais au-delà de la résonance interne de Lindblad. Les différents jeux de paramètres permettent de voir leur influence sur l’enroulement de la
spirale.

quelque soit le potentiel observé et la distribution de gaz. En pratique, plus de 4000 modèles distincts ont été calculés grâce au
code parallèle. Les modèles étudiés permettent de tirer les conclusions qualitatives suivantes :

1. Tous les disques gazeux étudiés sont toujours stabilisés par l’augmentation de la température du gaz qui les constitue.
2. Des structures spirales m=1 et m=2 sont obtenues comme modes propres gravitationnellement instables des disques galac-
tiques.

3. Plus le disque est instable, plus le mode spiral obtenu est enroulé.
4. Plus le coefficient polytropique du gaz qui forme le disque est grand, plus le disque est instable. Cet effet est amplifié
lorsque le disque est chaud.

5. Un disque gazeux est d’autant plus déstabilisé par la présence d’un disque central susceptible que celui-ci est massif et
compact. Un disque central entraı̂ne tout le disque dans l’instabilité.

6. Tous les disques étudiés peuvent toujours être stabilisés par un bulbe compact.
7. Plus la fraction de masse dans le bulbe est grande, plus le disque est stable.
8. Plus le bulbe est compact, plus le disque est stable.

Toomre 81

Mass in wake = mass of perturbation X 140 !!

Q~ 1.2

≠ 1.8 for sphere



9On the importance of gravitational wakes
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Star formation and

feedback define 


control loop 

on disc

10Self regulating loop boosted by wake

• SN1a

• Turbulence

————

• Minor Mergers

• Misaligned infall

• FlyBys

• Star formation

• Cooling

• Shocks

—————

• Co-rotating  
Aligned infall

Free energy 

reservoir 

in CGM

→Q

→Q

Destabilising effects Stabilising effects 

Cosmic 

perturbation

Transition to secularly-driven morphology promoting self-regulation around an effective Toomre  Q 1.  ∼
Attraction point of feedback loop

Q−1
eff = Q−1

g + Q−1
⋆
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Tighter loop 
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Open system with control loop generates complexity through self-organisation
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Figure 1. Fits to Q(M?, z) for z = 2, 1, 0.4, 0.25. The fit is Q / (1 +

M0(z)/M?)↵(z) with M0 / 1/(1 + z) and ↵ / (1 + z)�1/3.

motion via deflections on giant molecular clouds. The correspond-
ing radial migration will also play an important role in their secular
evolution.

The epoch of cosmic environment settling allows secular res-
onant processes to take over to define the morphology of galaxies
(bar formation, radial migration, disk heating and thickening, etc.).
These discs are cold and therefore fragile dynamical systems for
which rotation provides an important reservoir of free energy, and
where orbital resonances play a key role. The availability of this
free energy leads to a strong amplification of certain stimuli, with
the net result that even a small disturbance can lead to disks evolv-
ing towards substantially distinct quasi-equilibria. These disks are
furthermore immersed in various sources of perturbations, ranging
from fluctuations coming from the cosmic environment, stochastic
cosmic infall, shot noise coming from the finite number and short
life span of giant molecular clouds in the interstellar medium, to
globular clusters and substructures in orbit around the galaxy. Spi-
ral arms and central bars provide other sources of coherent stimu-
lation. The cosmic history of galactic disks must therefore include
the common responses to all these various stimuli (internal and ex-
ternal).

Section 2 shows why and how disc converge towards marginal
stability, Section 3 explains how marginal stability stiffens hence
settles the disc, Section 4 explains how marginal stability is also a
confounding factor for joint thick/thin disc growth, while Section 5
wraps up.

2 CONVERGENCE TOWARD MARGINAL STABILITY

Let us first present numerical evidence of convergence toward
marginal stability extracted from NewHorizon, before showing
why such convergence with mass and redshift is effectively equiv-
alent to disc settling. here we want to also highlight why transition
mass scales like mass of non linearity.

Yohan will explain how measurements were done.

2.1 fits to Q

A fit to NewHorizon yields

Q(M?, z) =

✓
1 +

Mz(z)

M

◆↵(z)

,where ↵(z) =
0.55

3
p
1 + z

, (1)

and Mz =
7.5⇥ 10

8

(1 + z)0.92
M� , (2)

where the transition mass, Mz can be shown to match the mass
of non-linearity. Indeed, we have a redshift dependency of M?/M

which compensates three powers of 1 + z since to be corrected

M?

M
= 1.57 ⇥ 10

�7
(z + 1)

3
M

0.69
(z+1)0.3

? (3)

See also Agertz et al. (2015) Inoue et al. (2016) Oklopčić et al.
(2017) Mandelker et al. (2017) Ceverino et al. (2017) Krumholz
et al. (2018) Meng et al. (2019) Romeo et al. (2020) for a similar
finding.

2.2 Equivalence between settling fraction and marginality

Let us revisit the issue of disc settling based on Toomre’s criterion.
The goal is to show that i) the convergence of Q towards 1 that
drives the increase of f3 ii) In the best of worlds we should to show
it drives h/R = aspect ratio of the disc.

Dimensional analysis of a given disc yields

Q =
�

⇡G⌃
=

M

M?

�

v
. (4)

Let us call s = v/�, m? = logM?, m = logM , fb =

M?/M and iQ = Q
�1. Note that both fb and s are (increasing)

function of M?. The former because low mass discs are known to
be sub-maximal, while the latter because within the disc popula-
tion V/� increases with mass (see Appendix C). In terms of these
variables, equation (4) becomes simply

iQ = fb s . (5)

The number, Nc , of galaxies which have s > sc in the stellar mass
bin mk ⌘ logMk ±�/2 reads

N k
c = h⇥H(s� sc)⇧�(m? �mk)i (6)

=

mk+�/2Z

mk��/2

dm?

Z 1

sc

ds
d
2
n

dm?ds
. (7)

With Nc we can readily define the fraction of settled disc in that
mass bin as

f3(Mk) ⌘
N k

3

N k
1

, (8)

where the numerator corresponds the integral of d2n/dm?ds over
the dark shaded area on Fig 2, while the denominator corresponds
to the integral over the intermediate+dark shaded area. It clearly
follows that f3 < 1 and df3/dm? > 0 (at higher stellar mass,
the number counts have shifted up so more of them fall in the dark
region).

The simulation gives us access to either d
2
n/dm?ds or

d
2
n/dm?d iQ. From equation (4), we can relate one PDF to the

other through

@iQ

@s
= fb(m,m?) > 0 . (9)

Because iQ accumulates upwards towards 1 as a function of

© 0000 RAS, MNRAS 000, 000–000
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12Disc settling : fraction of settled discs
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Figure 4. Decomposition of star particles into disordered and ordered (disc) components in an example galaxy at redshift
z = 0.7. The six panels on the left show the total and decomposed images of the galaxy. A threshold value of ✏ > 0.5 is used to
identify star particles that form the ordered component of the galaxy. The images are in the rest-frame r-band. The two panels
on the right show two component fits to the radial (d) and vertical (h) profiles of the galaxy.

on. Galaxies with a lower mass develop their disc much
more slowly. It takes half of the cosmic history for the
galaxies in the mass bin of 109 < M⇤/M� < 1010 to
reach fsettle ⇡ 0.2. Lower-mass galaxies struggle very
hard to develop a disc throughout the cosmic history.
The mass dependence of the epoch of disc settling has
recently been reported by Park et al. (2019) using the
same simulation. It appears to be in reasonable agree-
ment with observations (Kassin et al. 2012; Simons et al.
2017). The simulation underfits the observation in the
low mass bin roughly by a factor of two.

3.2. Driver and tracer of disc settling

The formation of discs and their settling process is
influenced by several internal and external processes.
E�cient localised star formation drives intense stellar
feedback (Kimm et al. 2015; Agertz & Kravtsov 2015)
which injects significant amounts of internal gas turbu-
lence and ejects gas from galaxies at velocities (Martizzi
et al. 2016) close to 100�200 km s�1. Hence, until the es-
cape velocity of the galaxy surpasses this typical value,
supernova-ejected gas can expand almost freely in the
interstellar medium and escape the galaxy, making it
di�cult for a coherent rotational gas flow to develop.
In addition, particularly at high redshift, external pro-

cesses like mergers and cold filamentary accretion act to

Figure 5. The fraction of galaxies with a settled disc,
as a function of redshift, adopting V/�(cold gas) > 3 as
the disc settling criterion (Genzel et al. 2011; Kassin et al.
2012). We show the NH galaxies (shades with solid circles)
binned in two mass ranges (orange: M⇤ � 1010 M�, blue:
109  M⇤/M� < 1010). The observational data (dashed
lines with star symbols) are the combination of observational
data points (Simons et al. 2017, R. Simons, private commu-
nication) following the same colour scheme.
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Figure 2. The distribution of galaxies as a function of 1/Q and M? (left panel) and v/� and M? (right panel). From the left panel, we conclude that more
massive disc galaxies are less numerous but closer to marginal stability (Q ⇠ 1). From the right panel, we conclude that more massive discs have higher v/�,
hence the fraction, f3, of galaxies with v/� higher than 3 and 1 resp. (the ratio of the integral of the galactic counts (in red) over the dark region, to that over
the light region) increases with M?. The two tends can be mapped one onto the other given the relationship between Toomre’s Q number and the v/� of discs
given by equation (4).

m?, while fb is a rising function m? (more massive discs are
more maximal), we may conclude self consistently that (at fixed
d
2
n/dm?diQ) the growth of iQ with m? translates to a rise of s

with m? (at fixed d
2
n/dm?ds), or vice versa. julien mentions that

0 < iQ  1 is effectively bounded whereas s isn’t so we may need
to restrict our analysis to s > 1, i.e the subset of galaxies which are
discs.

We therefore argue that the mapping between the two trends
can be achieved while assuming that the driving mechanism is self
regulation towards marginal stability as a function of cosmic time.

Note that in this formalisation we have marginalised over en-
vironment and the dark halo mass M as discussed below. Note also
that the relevant Q number is the effective one, taking into account
both the stellar and the gas component. Note finally that as far as
the cosmic evolution is concerned both scale with (1+z)

1/3 which
also suggests that one process drives the other.

2.3 Why is marginal stability an attractor?

2.3.1 A necessary condition for Q ⇠ 1

Broadly speaking, the theory of disc settling should be the (cos-
mic) dual of that of disc thickening, in a situation where the mass,
kinematic and geometry of the disc and source of stochasticities
all evolve with cosmic time. For instance, the velocity dispersion
are impacted by the formation of new stars on quasi circular orbits.
The nature and cosmic variation of the fluctuation (which in this
work also include e.g. potential fluctuations induced by stellar feed-
back, or shot noise from transients GMCs) must be extracted from
the simulations. Over the past two decades, various authors have
derived the corresponding secular diffusion equation motivated by
quasi-linear theory, which in turn relies on a time decoupling argu-
ment which assumes that on dynamical timescales the distribution
function of the disc is frozen, while on cosmic timescales the lin-
ear response is instantaneous. Qualitatively, the theory stipulates
that the rate of diffusion scales like the (canonical angular) power-
spectra of the force fluctuation along the unperturbed orbits. Hence
understanding disc settling ‘only’ requires characterising the rele-

vant power spectra. Should these processes be decorrelated1, the
power spectrum of the sum of the processes is simply the sum of
the powerspectra. As will be shown below it is not only a matter of
amplitude but also a question of frequency mismatch.

2.3.2 A sufficient condition for Q ⇠ 1

The emergence of thin disks corresponds to self-organisation
within a two-fluids system driven by maximum entropy fluxes: an
unlikely structure (a thin disk) emerges from a stochastic process
by evacuating all redundant entropy by radiation. The principle pro-
vides a physical selection principle favouring what seems an un-
likely outcome. A Necessary condition for the virtuous quietening
cycle is provided by frequency detuning (the disc has become mas-
sive enough so that its natural frequencies decouple from the or-
bital parameters of cosmic perturbations) and the availability of a
reservoir of free (kinetic) energy and fuel for star formation. Self
regulation yields order via MEP thanks to the efficient coupling of
the two stellar and gas component via the mean field fluctuations
near marginal stability.

In the self-regulated regime where the system is the most re-
sponsive (close to marginal stability) it radiates energy away most
efficiently thanks to the large amplitude of the wakes triggered by
potential fluctuations. Given a significant source of cold gas and
free (rotational) energy in the CGM, the galactic disc self-organizes
to maximize its rate of entropy production and switches from being
driven by nurture to being driven by nature. Near marginal stability
the dressed potential fluctuations are stronger hence the dynami-
cal time is shorter. Quasi linear (secular) evolution is accelerated
accordingly. Feedback and shock in turbulence provides means to
radiate away stochasticity (if the process were adiabatic it would
stall) while simultaneously inducing star formation, which drives
the disc back to marginal stability. The SF efficiency implemented
in modern sub grid physics has a stabilising effect through delayed
SN triggered turbulence: the closer Qe↵ is to one the stronger the

1 which should not strictly be true since e.g. SNe and turbulence in the
gaseous disc are correlated with gas rich infall
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13Numerical equivalence given Toomre(v/ )σ

fsettle = Ratio of the integral of the galactic counts  over dark (orange or 
green) regions to that over the light region increases with M⋆

Correspondance best expressed while looking  at PDF( Q , )  and PDF(  , )M⋆ V/σ M⋆

*k
3

*k
1

= f3(Mk)

Can this be also explained qualitatively ? 
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1 INTRODUCTION

These notes aim to explain how a toy model based on a proxy
involving gravitationally coupled rings can be used to understand
some of findings from NewHorizon’s simulation. In particular, we
want to understand why the rate of re-alignement should depend on
how massive the gaseous component is?

2 RELAXATING RINGS MODEL

In order to understand stellar gas disc misalignent, let us consider
a set of concentric gravitationally self-interacting rings depicted in
Fig 1. Each ring represents a set of orbits with a given set of actions
(i.e. orbital parameters), and are coupled together by gravity.

Since we are concerned by departure from a settled disc, we
will assume without loss of generality that the equation of motions
describing the different rings are linearised w.r.t. an unperturbed
co-planar configuration. After linearisation, the set of N coupled
oscillators will obey a matrix equation.

These equations of motions will then be decoupled by mov-
ing to the eigen-frame diagonalising the oscillators. This is best
described in the so-called Laplace Lagrange theory (Kocsis &
Tremaine 2011).

2.1 Laplace Lagrange theory

Let us assume that the stellar orbits with guiding center R in the
disc are nearly coplanar (✓ ⌧ 1) and nearly circular (e ⌧ 1). For
simplicity let us assume that we are considering the outer part of
the disc, so that the potential can be described as nearly Keplerian.
Defining the canonical variables1, p,q as

qi = �i✓i sin(�i) , pi = ��i✓i cos(�i) , (1)

1 so that x and y components of angular momentum obey Li,x = �iqi
and Li,y = �ipi

Figure 1. The relaxation of gravitationally self-interacting rings of stars and
gas (in red and blue resp.). The coupling can be linearized around the co-
planar configuration. The equations of motions governing the N oscillators
can be decoupled by moving to the eigen-frame.

with �i =
p
mi(GMRi)

1/4, the Hamiltonian describing the cou-
pling between the ring at radius Ri in that limit reads

H(p,q) =
1
2
pT ·A · p+

1
2
qT ·A · q , (2)

where

Aij = � Gmimj↵ij

max(Ri, Rj)�i�j
b3/2(↵ij) , if i 6= j (3)

Aii =
X

k 6=j

Gmimk↵ik

max(Ri, Rk)�2
i

b3/2(↵ik) , if i 6= j , (4)

given ↵ij = min(Ri, Rj)/max(Ri, Rj) and

b3/2(↵) =
2
⇡

Z ⇡

0

cosxdx

(1� 2↵ cosx+ ↵2)3/2
, (5)

=
(1 + ↵

2)E(↵)� (1� ↵
2)K(↵)

⇡↵(1� ↵2)2
, (6)
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1 INTRODUCTION

These notes aim to explain how a toy model based on a proxy
involving gravitationally coupled rings can be used to understand
some of findings from NewHorizon’s simulation. In particular, we
want to understand why the rate of re-alignement should depend on
how massive the gaseous component is?

2 RELAXATING RINGS MODEL

In order to understand stellar gas disc misalignent, let us consider
a set of concentric gravitationally self-interacting rings depicted in
Fig 1. Each ring represents a set of orbits with a given set of actions
(i.e. orbital parameters), and are coupled together by gravity.

Since we are concerned by departure from a settled disc, we
will assume without loss of generality that the equation of motions
describing the different rings are linearised w.r.t. an unperturbed
co-planar configuration. After linearisation, the set of N coupled
oscillators will obey a matrix equation.

These equations of motions will then be decoupled by mov-
ing to the eigen-frame diagonalising the oscillators. This is best
described in the so-called Laplace Lagrange theory (Kocsis &
Tremaine 2011).

2.1 Laplace Lagrange theory

Let us assume that the stellar orbits with guiding center R in the
disc are nearly coplanar (✓ ⌧ 1) and nearly circular (e ⌧ 1). For
simplicity let us assume that we are considering the outer part of
the disc, so that the potential can be described as nearly Keplerian.
Defining the canonical variables1, p,q as

qi = �i✓i sin(�i) , pi = ��i✓i cos(�i) , (1)

1 so that x and y components of angular momentum obey Li,x = �iqi
and Li,y = �ipi

Figure 1. The relaxation of gravitationally self-interacting rings of stars and
gas (in red and blue resp.). The coupling can be linearized around the co-
planar configuration. The equations of motions governing the N oscillators
can be decoupled by moving to the eigen-frame.
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SF, the more SN the hotter the gas the larger Qg . In parallel, the
stronger the SF the larger the accumulated stellar mass the lower the
Q?. Since the Q numbers add geometrically, the effective number
is therefore dominated by the component closest to one (the gas).
Once the stellar disc is massive enough to dominate this phase, it
damps runaway instabilities within the gaseous disc, and preserves
the global structure. Conversely, the cold rotating gas maintains
marginal stability which shortens the feedback loop.

This suggests that the maximum entropy production principle
in multiple component systems could be viewed as a process which
selects linear stability threshold.

a pb we have is that we need negative diffusion if we want a
settling process which is difficult if it has to be the RMS of fluctu-
ations of the potential. In principle the disc could oscillate around
any values of Q via positive and negative feedback coming from
SN, turbulence, shot noise, disc mass and cold gas inflow. In prac-
tice, Q ⇠ 1 is an attractor because it provides a tighter control loop
as it dresses the density fluctuations by a strong gravitational wake
so the dynamical time is significantly shorter. Hence Q cannot os-
cillate away from 1 by a lot.

3 RELAXATING RINGS MODEL

Beyond the numerical evidence that convergence towards marginal
stability is equivalent to the observed scaling of the settled fraction
of discs versus mass and redshift, it is of interest to explain why
such convergence drives the galaxy towards a thinner disc.

In order to understand this relaxation, let us consider a set of
concentric gravitationally self-interacting rings depicted in Fig 3.
Each ring represents a set of orbits with a given set of actions, and
are coupled together by gravity. Since we are concerned by depar-
ture from a settled disc, we can assume without loss of generality
that the equation of motions describing the different rings are lin-
earised w.r.t. an unperturbed co-planar configuration. After lineari-
sation, the set of N coupled oscillators obey a matrix equation. The
equations of motions governing the oscillators can be decoupled by
moving to the eigen-frame. This is best described in the so-called
Laplace Lagrange theory (Kocsis & Tremaine 2011).

3.1 Laplace Lagrange theory

Let us assume that the stellar orbits with guiding center R in the
disc are nearly coplanar (✓ ⌧ 1) and nearly circular (e ⌧ 1).
For simplicity let us assume that we are considering the outer part
of the disc, so that the potential can be described as nearly Keple-
rian. Defining the canonical variables2, p,q as qi = �i✓i sin(�i),
pi = ��i✓i cos(�i), with �i =

p
mi(GMRi)

1/4, the Hamilto-
nian describing the coupling between the ring in that limit reads

H(p,q) =
1

2
pT ·A · p+

1

2
qT ·A · q , (10)

where

Aij = � Gmimj↵ij

max(Ri, Rj)�i�j
b3/2(↵ij) , if i 6= j (11)
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2 so that x and y components of angular momentum obey Li,x = �iqi
and Li,y = �ipi

Figure 3. The relaxation of gravitationally self-interacting rings. Top panel:
a schematic representation of rings. Each ring is coupled to the other by
the fluctuating potential, which is dressed by the wakes that these pertur-
bations trigger in the disc. Once the disc starts to settle, the coupling can
be linearized around the co-planar configuration. The equations of motions
governing the N oscillators can be decoupled by moving to the eigen-frame.
The secular growth of the gravitational susceptibility driven by the conver-
gence toward Q ⇠ 1 will induce a stiffening of the restoring force hence
damping of all eigen-oscillations. Bottom panel: the effect of damping of
one of the eigenmodes is well captured by the WKB approximation (blue
dashed line). Since the rings’ oscillations will be a linear combination of
such eigen-modes, they will all damp accordingly, globally inducing the
settling.

given ↵ij = min(Ri, Rj)/max(Ri, Rj) and

b3/2(↵) =
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with K and E the elliptic functions of the first and second type
resp. If we move to a frame which diagonalise the positive semi-
definite symmetric matrix A, in that frame, Hamilton’s equation
yield

¨̂qi + !
2

i q̂i = ⇠̂i , (15)

where !i is the i
th eigenvalue and ⇠̂i is the external stochastic spe-

cific force applied on the ring projected on the corresponding eigen-
vector.

The net effect of the cosmic convergence towards Q ⇠ 1 and
disc growth will be that the effective mass of each ring gets boosted
by the gravitational polarisation that it triggers within the unper-
turbed disc, so that in equation (15), one should consider that !i(t)

becomes a slowly growing function of cosmic time, while ⇠̂i(t)

now only reflects the slowly varying component of the fluctuating
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force field. The WKB solution to equation (18) then reads

q̂i(t)=

X

±

Z 1

�1

⇠̂i(t
0
)p

!i(t)!i(t
0)

exp

✓
±ı

Z t

t0
!i(⌧)d⌧

◆
dt

0
. (16)

As !i(t) grows the amplitudes of the fluctuations of all q̂i(t) de-
creases which cosmic time, reflecting ring alignement (8i , ✓i !
0). Hence the secular growth of the gravitational susceptibility
driven by the convergence toward Q ⇠ 1 will induce a stiffen-
ing of the restoring force between rings, and therefore damping of
all eigen-oscillations. Since the rings’ oscillations will be a linear
combination of such eigen-modes, they will all damp accordingly,
globally inducing the settling.

3.2 Tightly wound solution

It is in fact possible to push the limit of the N ring model in the con-
tinuum limit, which provides an alternative but equivalent formu-
lation of the setting process, while accounting for azimuthal varia-
tions.

Hunter & Toomre (1969) have shown that each (m, k) mode,
û exp(�ı!t+ ı

R r
k(r

0
)dr

0
+ım✓), of the radial WKB approxi-

mation3 of tightly wound vertical displacement above and below
the disc, u(r, ✓, t), obeys the dispersion relation

(! �m⌦)
2
= ⌫

2
+ 2⇡G⌃k . (17)

An important feature of this dispersion relation corresponds to the
positive sign in from of the surface density ⌃, which in contrast the
dispersion relation for in-plane self-gravitating spiral waves high-
lights the fact that the higher the (effective, dressing included) ⌃
the larger !. In equation (17), ⌫ and ⌦ are respectively the vertical
and azimuthal frequency of the disc, while k and m are the radial
and azimuthal frequencies. Let us now seek temporal secular WKB
solution to the time dependent forced evolution equation

@
2
û

@2t
+ !

2
(t)û(t) = f̂(t) , (18)

where the left hand side reflect some stochastic specific force,
f̂(t) = ık ̂(t) corresponding to the external forcing on this dis-
placement. Here the potential  accounts for all (slowly varying
component of the) forcing (flybys, SN and turbulence induced fluc-
tuations). discuss here time decoupling between frequency of forc-
ing secular time, and timescale associated with radial WKB wave.
The WKB solution to equation (18) once again reads4

û(t) =

X

±

Z 1

�1

f̂(t
0
)p

!(t)!(t0)
exp

✓
±ı

Z t

t0
!(⌧)d⌧

◆
dt

0
, (19)

where !(k,m, ⌧) is a solution to the dispersion relation, equa-
tion (17):

!(⌧) = m⌦+

p
⌫2 + 2⇡G⌃(⌧)k , (20)

which implies that as the effective surface density ⌃(⌧) increases
(both because the disc becomes more massive and because it gets
closer to marginal stability) and the amplitude of the stochastic

3 Please note that we will consider two WKB approximations here: one
related to the spatial frequency of the wave and later one related to the
temporal variation of the frequencies of the wave
4 the corresponding asymptotic solution being û(t) ⇠ f̂(t)/!2(t)

forcing decreases (because the cosmic environment quieten and be-
comes out of sync with the frequencies of the system) the wave be-
comes stiffer, and the amplitude of the out of plane oscillation de-
creases (since !(t) increases and f(t) decreases in equation (18)).
This fate is true for each (m, k) mode independently. Through non-
linearities, the high k modes will diffuse away within the disc, so
that the injected energy by the stochastic external forcing does not
accumulate. The net effect will be disc settling driven by three com-
plementary processes: quieter environment, convergence towards
marginal stability and increased stellar disc mass.

Note that an adiabatic argument allows us to claim that if the
variation induced by the convergence towards marginal stability is
slow enough the vertical action Jz = Ez/!z(t) will be conserved,
which implies that as the vertical frequency grows, the energy of
the vertical oscillations, Ez , will decrease. This argument does not
capture the impact of the decrease of the fluctuation’s amplitude
with cosmic time. there is a sign pb here

3.3 Stellar-Gas disc damping

Let us finally study a double sets of rings corresponding to the stel-
lar and gaseous disc respectively, to understand within the frame-
work of the linearised Laplace Lagrange theory how the two discs
re-orient with respect to each other, and how the gaseous disc al-
lows the stellar disc to settle. We aim here to account for the fact
that the latter is subject to stochastic forcing by SN explosions and
dissipation through shocks between rings. Such processes will al-
low it to remove entropy from the stellar disc.

Let us therefore consider the dynamics of the set of coupled
gas +star eigenmodes for the stars, and the gas components, which
amplitude we will write q?, and qg respectively. We will consider
that each eigen mode has its own natural frequency, !? and !g

resp, a coupling term, !?g and a driving, ⇠ and damping ⌘ term
specific to the gas component. is it legitimate to only have one drag
in the eigenframe? The amplitude of each mode then obeys the set
of coupled equations

q̈? + !
2

?q? + !
2

?gqg = 0 ,

q̈g + !
2

g q̂g + !
2

?gq? + ⌘q̇g = ⇠ , (21)

Solving for equation (21), each stellar eigenmode will obey

q?(t) = �
X

!2S4

!
2

g?

Z t

�1
exp ((t� ⌧)!) ⇠ (⌧) d⌧

⌘ (3!2 + !
2
?) + 2!

�
2!2 + !2

g + !
2
?

� , (22)

where the frequencies, !, are one of four complex conjugate solu-
tions of the implicit equation5

S4={!
�� �!2

+ !
2

?

� �
! (⌘ + !) + !

2

g

�
= !

4

g?}, (23)

which will have both a damped component, and an oscillatory one.
Figure 4 illustrates the damping of two modes when one increases
the drag on the gas component and shows the frequencies which
are roots of S4. As expected, the roots acquire a larger and larger
negative real part, and the lighter gas disc will drag the stellar disc
towards itself as it settles. This is made more explicit in the next
subsection for displacement waves above and below equilibrium.

5 note how S4 reduces as it should to ! = ±!? and ! = ±!g when both
the friction and the coupling is nul.
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co-planar configuration. After linearisation, the set of N coupled
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described in the so-called Laplace Lagrange theory (Kocsis &
Tremaine 2011).

2.1 Laplace Lagrange theory

Let us assume that the stellar orbits with guiding center R in the
disc are nearly coplanar (✓ ⌧ 1) and nearly circular (e ⌧ 1). For
simplicity let us assume that we are considering the outer part of
the disc, so that the potential can be described as nearly Keplerian.
Defining the canonical variables1, p,q as

qi = �i✓i sin(�i) , pi = ��i✓i cos(�i) , (1)

1 so that x and y components of angular momentum obey Li,x = �iqi
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Figure 1. The relaxation of gravitationally self-interacting rings of stars and
gas (in red and blue resp.). The coupling can be linearized around the co-
planar configuration. The equations of motions governing the N oscillators
can be decoupled by moving to the eigen-frame.
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pling between the ring at radius Ri in that limit reads
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Figure 2. Top panel: The relaxation of gravitationally self-interacting
eigenmodes of gas and stars. The stars in red are driven towards the gas ori-
entation in blue. The level of damping increase from dark to lighter curves.
Bottom panel: The corresponding drift of the four roots of S4, defining the
frequencies of the system. Note how the real negative part increases with
damping.

with K and E the elliptic functions of the first and second type
resp.

Equation (2) is best solved if we move to a frame which di-
agonalise the positive semi-definite symmetric matrix A, so that in
that frame, Hamilton’s equation yield for each eigen mode

¨̂qi + !
2
i q̂i = ⇠̂i , (7)

where !i is the i
th eigenvalue and ⇠̂i is the external specific force

applied on the ring projected on the corresponding eigenvector.

2.2 Stellar-Gas disc coupling

Now let us note that so long as the surface density of the gas and
the stars are proportional, the matrix M describing gas rings will be
formally identical to that for the stars (up to a multiplicative factor
reflecting the gas to star mass ratio), so that the eigen-space of both
discs are the same.

In that frame, the gas ring eigenmode obeys formally a sim-
ilar equation to equation (7) with one extra caveat, which is that
the gas can shock, so that each gas ring is subject to an extra drag
force. For expediency we consider that the drag term operates on
the eigenmode.

Finally, when considering simultaneously the evolution of
both gas and star eigenmodes we need to account for their relative

gravitational interaction, which can be accounted for by a supple-
mentary coupling term in both equation.

This leads us to now consider the dynamics of the set of cou-
pled gas +star eigenmodes for the stars, and the gas components,
which amplitude we will write q?, and qg respectively. For expedi-
ency let us consider only one such mode.

We will consider that this eigen mode has its own natural fre-
quency, !? and !g resp, a coupling term, !?g and a driving, ⇠ and
damping ⌘ term specific to the gas component. The amplitude of
each mode then obeys the set of coupled equations

q̈? + !
2
?q? + !

2
?gqg = 0 ,

q̈g + !
2
g q̂g + !

2
?gq? + ⌘q̇g = ⇠ , (8)

Solving for equation (8), each stellar eigenmode will obey

q?(t) = �
X

!2S4

!
2
g?

Z t

�1
exp ((t� ⌧)!) ⇠ (⌧) d⌧

⌘ (3!2 + !
2
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�
2!2 + !2
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2
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� , (9)

where the frequencies, !, are one of four complex conjugate solu-
tions of the implicit equation2

S4={!
�� �!2 + !

2
?

� �
! (⌘ + !) + !

2
g

�
= !

4
g?}, (10)

which will have both a damped component, and an oscillatory one.
Figure 2 illustrates the damping of two modes when one in-

creases the drag on the gas component and shows the frequencies
which are roots of S4. As expected, the roots acquire a larger and
larger negative real part, and the lighter gas disc will drag the stellar
disc towards itself as it settles.

2.3 Stellar-Gas disc re-alignment

We can now investigate the relative orientation of sets of rings cor-
responding to the stellar and gaseous disc respectively, to under-
stand within the framework of the linearised Laplace Lagrange the-
ory how the two discs re-orient with respect to each other. We aim
here to account for the fact that the latter is subject to forcing by
RAM pressure on the one hand, and dissipation through shocks be-
tween rings on the other hand.

Let us first consider a idealised experiment when either the gas
disc or the is subject to a driven gas impulse which propagate to the
other disc before eventually both modes damp and the coupled sys-
tem settles. Gas response is significantly stronger. Figure 3 shows
the result of such experiment.

Figure 4 illustrates the damping of two modes when one in-
creases both the drag on the gas disc and its mass. As expected, the
lighter the gas disc, the longer the settling phase.

This is in qualitative agreement with the findings of the main
text, corresponding to the situation where a given galaxy enters a
group or a cluster and the gas component feels ram pressure from
the hot corona.

Finally, Figure 5 shows the same experiment, modulo the fact
that both the stellar and gas disc are subject to the same external
(gravitational) torque. In this situation

2 note how S4 reduces as it should to ! = ±!? and ! = ±!g when both
the friction and the coupling is nul.
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Figure 2. Top panel: The relaxation of gravitationally self-interacting
eigenmodes of gas and stars. The stars in red are driven towards the gas ori-
entation in blue. The level of damping increase from dark to lighter curves.
Bottom panel: The corresponding drift of the four roots of S4, defining the
frequencies of the system. Note how the real negative part increases with
damping.

with K and E the elliptic functions of the first and second type
resp.

Equation (2) is best solved if we move to a frame which di-
agonalise the positive semi-definite symmetric matrix A, so that in
that frame, Hamilton’s equation yield for each eigen mode

¨̂qi + !
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i q̂i = ⇠̂i , (7)

where !i is the i
th eigenvalue and ⇠̂i is the external specific force

applied on the ring projected on the corresponding eigenvector.

2.2 Stellar-Gas disc coupling

Now let us note that so long as the surface density of the gas and
the stars are proportional, the matrix M describing gas rings will be
formally identical to that for the stars (up to a multiplicative factor
reflecting the gas to star mass ratio), so that the eigen-space of both
discs are the same.

In that frame, the gas ring eigenmode obeys formally a sim-
ilar equation to equation (7) with one extra caveat, which is that
the gas can shock, so that each gas ring is subject to an extra drag
force. For expediency we consider that the drag term operates on
the eigenmode.

Finally, when considering simultaneously the evolution of
both gas and star eigenmodes we need to account for their relative

gravitational interaction, which can be accounted for by a supple-
mentary coupling term in both equation.

This leads us to now consider the dynamics of the set of cou-
pled gas +star eigenmodes for the stars, and the gas components,
which amplitude we will write q?, and qg respectively. For expedi-
ency let us consider only one such mode.

We will consider that this eigen mode has its own natural fre-
quency, !? and !g resp, a coupling term, !?g and a driving, ⇠ and
damping ⌘ term specific to the gas component. The amplitude of
each mode then obeys the set of coupled equations

q̈? + !
2
?q? + !

2
?gqg = 0 ,

q̈g + !
2
g q̂g + !

2
?gq? + ⌘q̇g = ⇠ , (8)

Solving for equation (8), each stellar eigenmode will obey

q?(t) = �
X

!2S4

!
2
g?

Z t

�1
exp ((t� ⌧)!) ⇠ (⌧) d⌧

⌘ (3!2 + !
2
?) + 2!

�
2!2 + !2

g + !
2
?

� , (9)

where the frequencies, !, are one of four complex conjugate solu-
tions of the implicit equation2

S4={!
�� �!2 + !

2
?

� �
! (⌘ + !) + !

2
g

�
= !

4
g?}, (10)

which will have both a damped component, and an oscillatory one.
Figure 2 illustrates the damping of two modes when one in-

creases the drag on the gas component and shows the frequencies
which are roots of S4. As expected, the roots acquire a larger and
larger negative real part, and the lighter gas disc will drag the stellar
disc towards itself as it settles.

2.3 Stellar-Gas disc re-alignment

We can now investigate the relative orientation of sets of rings cor-
responding to the stellar and gaseous disc respectively, to under-
stand within the framework of the linearised Laplace Lagrange the-
ory how the two discs re-orient with respect to each other. We aim
here to account for the fact that the latter is subject to forcing by
RAM pressure on the one hand, and dissipation through shocks be-
tween rings on the other hand.

Let us first consider a idealised experiment when either the gas
disc or the is subject to a driven gas impulse which propagate to the
other disc before eventually both modes damp and the coupled sys-
tem settles. Gas response is significantly stronger. Figure 3 shows
the result of such experiment.

Figure 4 illustrates the damping of two modes when one in-
creases both the drag on the gas disc and its mass. As expected, the
lighter the gas disc, the longer the settling phase.

This is in qualitative agreement with the findings of the main
text, corresponding to the situation where a given galaxy enters a
group or a cluster and the gas component feels ram pressure from
the hot corona.

Finally, Figure 5 shows the same experiment, modulo the fact
that both the stellar and gas disc are subject to the same external
(gravitational) torque. In this situation

2 note how S4 reduces as it should to ! = ±!? and ! = ±!g when both
the friction and the coupling is nul.
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Figure 4. Top panel: The relaxation of gravitationally self-interacting
eigenmodes of gas and stars. The stars in red are driven towards the gas ori-
entation in blue. The level of damping increase from dark to lighter curves.
Bottom panel: The corresponding drift of the four roots of S4 defining the
frequency of the system. Note how the real negative part increases with
damping. I am puzzled by the fact that the roots jump around. I would have
naively thought we should have 4 branches.

Note that we can write a WKB solution for the slowly-varying
time-dependant counterpart of equation (21), calling

1

⌦
=

!
2

g?

⌘ (3!2 + !
2
?) + 2!

�
2!2 + !2

g + !
2
?

� , (24)

which is both an explicit function of the time-dependant frequen-
cies !g?(t),!?(t),!g(t) and friction term ⌘(t) and an implicit one
via equation (23), the cosmic solution obeys

q?(t) = �
X

!2S4

Z t

�1
exp

✓Z t

t0
!(⌧)d⌧

◆
⇠
�
t
0�
dt

0

p
⌦(t)⌦(t0)

, (25)

keeping in mind that the sum over ! 2 S4 yield 4 complex conju-
gate roots with different ⌦(t) each. Since this equation is secular,
it only involves the slowly varying part of ⇠.

As argued in Sec. 3.1, with cosmic time all frequencies will
stiffen (through increased stellar mass, and gravitational polarisa-
tion), while the amplitude of the secular stochasticity will decrease,
so that the relative alignment between the two discs will be ampli-
fied.

discuss relative frequency of gas and stellar disc reflecting
their relative mass?

3.4 Scale-dependent mode coupling

Let us finally revisit Hunter & Toomre (1969) presented in Sec-
tion 3.2 for a two component gravitationally coupled star+gas set
of discs (which again will give us access to the azimuthal variation
of the response).

Let us first expand each (m, k) mode as

u?|g(t, r) / û?|g exp(�ı!t+ ı

Z r

k(r
0
)dr

0
+ım✓) , (26)

for the two components labeled ? and g resp., using the radial WKB
approximation of tightly wound vertical displacement above and
below the disc, and seek first free waves solutions.

The dispersion relation generalising equation (17) for the two
gravitationally coupled waves obeys

�
�!

2 � !
2

?

��
�!(�! � ı⌘)� !

2

g

�
= !

4

?g , (27)

where, in close analogy with equation (17), we have
defined �! = ! �m⌦. The two frequencies obey
!

2

g|?(k) = ⌫
2
+ 2⇡G⌃g|?|k|, while the coupling frequency

obeys !
4

?g = (2⇡Gk)
2
⌃g⌃?, and we have introduced the damp-

ing rate ⌘ = ⌘0k
2 (where ⌘0 has the dimension of a frequency

times length square and is a measure of the effectiveness of the
energy dissipation on small scales) for the mode ûg(k,m). Here
⌦, ⌃g|? and ⌫ are slowly varying function of r.

A perturbative solution of equation (27) for ! in small !g?

and small ⌘ yield four (resp. gas-like and star-like) complex roots,
!j obeying

! = m⌦± !g +
!

4

g?

2!g(!
2
g � !

2
?)

� ı⌘d , (28)

! = m⌦± !? +
!

4

g?

2!?(!
2
g � !

2
?)

� ı⌘d , (29)

where

⌘d =
⌘ !

4

g?!
2

?

2(!
3
? � !2

g!?)
2 + !

4
g?(5!

2
? � !2

g)
. (30)

Equation (28) generalises equation (20) to the weakly coupled,
weakly damped disc. Lifting those assumptions, one could fol-
low the same route to write down the forced (k space, or k space
and time) WKB solutions, in close analogy with equations (22)-
(25), but the origin of the damping in clearer in equations (28)-
(30). Indeed, thanks to the (⌘ 6= 0) dissipation in the gaseous disc
and the gravitational coupling between the two discs (!g? 6= 0),
the stellar WKB modes will also damp. The energy dissipation
within the baryonic component propagates to the stellar waves, as
expected! Again, as argued in Sec. 3.1, the coupling frequency,
!g? / (⌃g⌃?)

1/4, will stiffen with cosmic time (through in-
creased stellar mass, and gravitational polarisation) so that ⌘d will
increase and oscillation of the stellar disc will damp away more
vigorously (until the gas disc becomes sub dominant, in which case
⌘d / ⌃g/⌃? and the damping becomes dominated by the first !?

on the r.h.s. of equation (29)). This is a clear illustration of the max-
imum entropy production principle operating to generate order out
of shock dissipation, through a self re-enforcing process.

Calling D(!, k) the difference between the l.h.s. and r.h.s. of
equation (27), we can define resp. the wave actions A = a

2
@D/@!

the energy !A and angular momentum densities mA of the wave,
while the corresponding fluxes are obtained by multiplication with
the group velocity @!/@k.

look at 16.3 in bertin 2000. Self regulation towards Q = 1

through cooling and heating functions (?)
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force field. The WKB solution to equation (18) then reads

q̂i(t)=

X

±

Z 1

�1

⇠̂i(t
0
)p

!i(t)!i(t
0)

exp

✓
±ı

Z t

t0
!i(⌧)d⌧

◆
dt

0
. (16)

As !i(t) grows the amplitudes of the fluctuations of all q̂i(t) de-
creases which cosmic time, reflecting ring alignement (8i , ✓i !
0). Hence the secular growth of the gravitational susceptibility
driven by the convergence toward Q ⇠ 1 will induce a stiffen-
ing of the restoring force between rings, and therefore damping of
all eigen-oscillations. Since the rings’ oscillations will be a linear
combination of such eigen-modes, they will all damp accordingly,
globally inducing the settling.

3.2 Tightly wound solution

It is in fact possible to push the limit of the N ring model in the con-
tinuum limit, which provides an alternative but equivalent formu-
lation of the setting process, while accounting for azimuthal varia-
tions.

Hunter & Toomre (1969) have shown that each (m, k) mode,
û exp(�ı!t+ ı

R r
k(r

0
)dr

0
+ım✓), of the radial WKB approxi-

mation3 of tightly wound vertical displacement above and below
the disc, u(r, ✓, t), obeys the dispersion relation

(! �m⌦)
2
= ⌫

2
+ 2⇡G⌃k . (17)

An important feature of this dispersion relation corresponds to the
positive sign in from of the surface density ⌃, which in contrast the
dispersion relation for in-plane self-gravitating spiral waves high-
lights the fact that the higher the (effective, dressing included) ⌃
the larger !. In equation (17), ⌫ and ⌦ are respectively the vertical
and azimuthal frequency of the disc, while k and m are the radial
and azimuthal frequencies. Let us now seek temporal secular WKB
solution to the time dependent forced evolution equation

@
2
û

@t
+ !

2
(t)û(t) = f̂(t) , (18)

where the left hand side reflect some stochastic specific force,
f̂(t) = ık ̂(t) corresponding to the external forcing on this dis-
placement. Here the potential  accounts for all (slowly varying
component of the) forcing (flybys, SN and turbulence induced fluc-
tuations). discuss here time decoupling between frequency of forc-
ing secular time, and timescale associated with radial WKB wave.
The WKB solution to equation (18) once again reads4

û(t) =

X

±

Z 1

�1

f̂(t
0
)p

!(t)!(t0)
exp

✓
±ı

Z t

t0
!(⌧)d⌧

◆
dt

0
, (19)

where !(k,m, ⌧) is a solution to the dispersion relation, equa-
tion (17):

!(⌧) = m⌦+

p
⌫2 + 2⇡G⌃(⌧)k , (20)

which implies that as the effective surface density ⌃(⌧) increases
(both because the disc becomes more massive and because it gets
closer to marginal stability) and the amplitude of the stochastic

3 Please note that we will consider two WKB approximations here: one
related to the spatial frequency of the wave and later one related to the
temporal variation of the frequencies of the wave
4 the corresponding asymptotic solution being û(t) ⇠ f̂(t)/!2(t)

forcing decreases (because the cosmic environment quieten and be-
comes out of sync with the frequencies of the system) the wave be-
comes stiffer, and the amplitude of the out of plane oscillation de-
creases (since !(t) increases and f(t) decreases in equation (18)).
This fate is true for each (m, k) mode independently. Through non-
linearities, the high k modes will diffuse away within the disc, so
that the injected energy by the stochastic external forcing does not
accumulate. The net effect will be disc settling driven by three com-
plementary processes: quieter environment, convergence towards
marginal stability and increased stellar disc mass.

Note that an adiabatic argument allows us to claim that if the
variation induced by the convergence towards marginal stability is
slow enough the vertical action Jz = Ez/!z(t) will be conserved,
which implies that as the vertical frequency grows, the energy of
the vertical oscillations, Ez , will decrease. This argument does not
capture the impact of the decrease of the fluctuation’s amplitude
with cosmic time. there is a sign pb here

3.3 Stellar-Gas disc damping

Let us finally study a double sets of rings corresponding to the stel-
lar and gaseous disc respectively, to understand within the frame-
work of the linearised Laplace Lagrange theory how the two discs
re-orient with respect to each other, and how the gaseous disc al-
lows the stellar disc to settle. We aim here to account for the fact
that the latter is subject to stochastic forcing by SN explosions and
dissipation through shocks between rings. Such processes will al-
low it to remove entropy from the stellar disc.

Let us therefore consider the dynamics of the set of coupled
gas +star eigenmodes for the stars, and the gas components, which
amplitude we will write q?, and qg respectively. We will consider
that each eigen mode has its own natural frequency, !? and !g

resp, a coupling term, !?g and a driving, ⇠ and damping ⌘ term
specific to the gas component. is it legitimate to only have one drag
in the eigenframe? The amplitude of each mode then obeys the set
of coupled equations

q̈? + !
2

?q? + !
2

?gqg = 0 ,

q̈g + !
2

g q̂g + !
2

?gq? + ⌘q̇g = ⇠ , (21)

Solving for equation (21), each stellar eigenmode will obey

q?(t) = �
X

!2S4

!
2

g?

Z t

�1
exp ((t� ⌧)!) ⇠ (⌧) d⌧

⌘ (3!2 + !
2
?) + 2!

�
2!2 + !2

g + !
2
?

� , (22)

where the frequencies, !, are one of four complex conjugate solu-
tions of the implicit equation5

S4={!
�� �!2

+ !
2

?

� �
! (⌘ + !) + !

2

g

�
= !

4

g?}, (23)

which will have both a damped component, and an oscillatory one.
Figure 4 illustrates the damping of two modes when one increases
the drag on the gas component and shows the frequencies which
are roots of S4. As expected, the roots acquire a larger and larger
negative real part, and the lighter gas disc will drag the stellar disc
towards itself as it settles. This is made more explicit in the next
subsection for displacement waves above and below equilibrium.

5 note how S4 reduces as it should to ! = ±!? and ! = ±!g when both
the friction and the coupling is nul.

© 0000 RAS, MNRAS 000, 000–000

gravitational coupling damping

stars

gas

Nyquist diagram

forcing

See also Bertin Romeo (1988) 195, 105-113



Mon. Not. R. Astron. Soc. 000, 000–000 (0000) Printed 31 October 2020 (MN LATEX style file v2.2)

Misalignment toy model

People et al.
1

Institut d’Astrophysique de Paris, CNRS & UPMC, UMR 7095, 98 bis Boulevard Arago, 75014, Paris, France

2
Korea Institute of Advanced Studies (KIAS) 85 Hoegiro, Dongdaemun-gu, Seoul, 02455, Republic of Korea

31 October 2020

ABSTRACT

A simple toy model based on the theory of Lagrange Laplace gravitationally coupled rings
explains why discs with more massive gas component restore faster an alignment with their
stellar component.
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—

1 INTRODUCTION

These notes aim to explain how a toy model based on a proxy
involving gravitationally coupled rings can be used to understand
some of findings from NewHorizon’s simulation. In particular, we
want to understand why the rate of re-alignement should depend on
how massive the gaseous component is?

2 RELAXATING RINGS MODEL

In order to understand stellar gas disc misalignent, let us consider
a set of concentric gravitationally self-interacting rings depicted in
Fig 1. Each ring represents a set of orbits with a given set of actions
(i.e. orbital parameters), and are coupled together by gravity.

Since we are concerned by departure from a settled disc, we
will assume without loss of generality that the equation of motions
describing the different rings are linearised w.r.t. an unperturbed
co-planar configuration. After linearisation, the set of N coupled
oscillators will obey a matrix equation.

These equations of motions will then be decoupled by mov-
ing to the eigen-frame diagonalising the oscillators. This is best
described in the so-called Laplace Lagrange theory (Kocsis &
Tremaine 2011).

2.1 Laplace Lagrange theory

Let us assume that the stellar orbits with guiding center R in the
disc are nearly coplanar (✓ ⌧ 1) and nearly circular (e ⌧ 1). For
simplicity let us assume that we are considering the outer part of
the disc, so that the potential can be described as nearly Keplerian.
Defining the canonical variables1, p,q as

qi = �i✓i sin(�i) , pi = ��i✓i cos(�i) , (1)

1 so that x and y components of angular momentum obey Li,x = �iqi
and Li,y = �ipi

Figure 1. The relaxation of gravitationally self-interacting rings of stars and
gas (in red and blue resp.). The coupling can be linearized around the co-
planar configuration. The equations of motions governing the N oscillators
can be decoupled by moving to the eigen-frame.

with �i =
p
mi(GMRi)

1/4, the Hamiltonian describing the cou-
pling between the ring at radius Ri in that limit reads

H(p,q) =
1
2
pT ·A · p+

1
2
qT ·A · q , (2)

where

Aij = � Gmimj↵ij

max(Ri, Rj)�i�j
b3/2(↵ij) , if i 6= j (3)

Aii =
X

k 6=j

Gmimk↵ik

max(Ri, Rk)�2
i

b3/2(↵ik) , if i 6= j , (4)

given ↵ij = min(Ri, Rj)/max(Ri, Rj) and

b3/2(↵) =
2
⇡

Z ⇡

0

cosxdx

(1� 2↵ cosx+ ↵2)3/2
, (5)

=
(1 + ↵

2)E(↵)� (1� ↵
2)K(↵)

⇡↵(1� ↵2)2
, (6)
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Figure 2. Top panel: The relaxation of gravitationally self-interacting
eigenmodes of gas and stars. The stars in red are driven towards the gas ori-
entation in blue. The level of damping increase from dark to lighter curves.
Bottom panel: The corresponding drift of the four roots of S4, defining the
frequencies of the system. Note how the real negative part increases with
damping.

with K and E the elliptic functions of the first and second type
resp.

Equation (2) is best solved if we move to a frame which di-
agonalise the positive semi-definite symmetric matrix A, so that in
that frame, Hamilton’s equation yield for each eigen mode

¨̂qi + !
2
i q̂i = ⇠̂i , (7)

where !i is the i
th eigenvalue and ⇠̂i is the external specific force

applied on the ring projected on the corresponding eigenvector.

2.2 Stellar-Gas disc coupling

Now let us note that so long as the surface density of the gas and
the stars are proportional, the matrix M describing gas rings will be
formally identical to that for the stars (up to a multiplicative factor
reflecting the gas to star mass ratio), so that the eigen-space of both
discs are the same.

In that frame, the gas ring eigenmode obeys formally a sim-
ilar equation to equation (7) with one extra caveat, which is that
the gas can shock, so that each gas ring is subject to an extra drag
force. For expediency we consider that the drag term operates on
the eigenmode.

Finally, when considering simultaneously the evolution of
both gas and star eigenmodes we need to account for their relative

gravitational interaction, which can be accounted for by a supple-
mentary coupling term in both equation.

This leads us to now consider the dynamics of the set of cou-
pled gas +star eigenmodes for the stars, and the gas components,
which amplitude we will write q?, and qg respectively. For expedi-
ency let us consider only one such mode.

We will consider that this eigen mode has its own natural fre-
quency, !? and !g resp, a coupling term, !?g and a driving, ⇠ and
damping ⌘ term specific to the gas component. The amplitude of
each mode then obeys the set of coupled equations

q̈? + !
2
?q? + !

2
?gqg = 0 ,

q̈g + !
2
g q̂g + !

2
?gq? + ⌘q̇g = ⇠ , (8)

Solving for equation (8), each stellar eigenmode will obey

q?(t) = �
X

!2S4

!
2
g?

Z t

�1
exp ((t� ⌧)!) ⇠ (⌧) d⌧

⌘ (3!2 + !
2
?) + 2!

�
2!2 + !2

g + !
2
?

� , (9)

where the frequencies, !, are one of four complex conjugate solu-
tions of the implicit equation2

S4={!
�� �!2 + !

2
?

� �
! (⌘ + !) + !

2
g

�
= !

4
g?}, (10)

which will have both a damped component, and an oscillatory one.
Figure 2 illustrates the damping of two modes when one in-

creases the drag on the gas component and shows the frequencies
which are roots of S4. As expected, the roots acquire a larger and
larger negative real part, and the lighter gas disc will drag the stellar
disc towards itself as it settles.

2.3 Stellar-Gas disc re-alignment

We can now investigate the relative orientation of sets of rings cor-
responding to the stellar and gaseous disc respectively, to under-
stand within the framework of the linearised Laplace Lagrange the-
ory how the two discs re-orient with respect to each other. We aim
here to account for the fact that the latter is subject to forcing by
RAM pressure on the one hand, and dissipation through shocks be-
tween rings on the other hand.

Let us first consider a idealised experiment when either the gas
disc or the is subject to a driven gas impulse which propagate to the
other disc before eventually both modes damp and the coupled sys-
tem settles. Gas response is significantly stronger. Figure 3 shows
the result of such experiment.

Figure 4 illustrates the damping of two modes when one in-
creases both the drag on the gas disc and its mass. As expected, the
lighter the gas disc, the longer the settling phase.

This is in qualitative agreement with the findings of the main
text, corresponding to the situation where a given galaxy enters a
group or a cluster and the gas component feels ram pressure from
the hot corona.

Finally, Figure 5 shows the same experiment, modulo the fact
that both the stellar and gas disc are subject to the same external
(gravitational) torque. In this situation

2 note how S4 reduces as it should to ! = ±!? and ! = ±!g when both
the friction and the coupling is nul.
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Figure 2. Top panel: The relaxation of gravitationally self-interacting
eigenmodes of gas and stars. The stars in red are driven towards the gas ori-
entation in blue. The level of damping increase from dark to lighter curves.
Bottom panel: The corresponding drift of the four roots of S4, defining the
frequencies of the system. Note how the real negative part increases with
damping.

with K and E the elliptic functions of the first and second type
resp.

Equation (2) is best solved if we move to a frame which di-
agonalise the positive semi-definite symmetric matrix A, so that in
that frame, Hamilton’s equation yield for each eigen mode

¨̂qi + !
2
i q̂i = ⇠̂i , (7)

where !i is the i
th eigenvalue and ⇠̂i is the external specific force

applied on the ring projected on the corresponding eigenvector.

2.2 Stellar-Gas disc coupling

Now let us note that so long as the surface density of the gas and
the stars are proportional, the matrix M describing gas rings will be
formally identical to that for the stars (up to a multiplicative factor
reflecting the gas to star mass ratio), so that the eigen-space of both
discs are the same.

In that frame, the gas ring eigenmode obeys formally a sim-
ilar equation to equation (7) with one extra caveat, which is that
the gas can shock, so that each gas ring is subject to an extra drag
force. For expediency we consider that the drag term operates on
the eigenmode.

Finally, when considering simultaneously the evolution of
both gas and star eigenmodes we need to account for their relative

gravitational interaction, which can be accounted for by a supple-
mentary coupling term in both equation.

This leads us to now consider the dynamics of the set of cou-
pled gas +star eigenmodes for the stars, and the gas components,
which amplitude we will write q?, and qg respectively. For expedi-
ency let us consider only one such mode.

We will consider that this eigen mode has its own natural fre-
quency, !? and !g resp, a coupling term, !?g and a driving, ⇠ and
damping ⌘ term specific to the gas component. The amplitude of
each mode then obeys the set of coupled equations

q̈? + !
2
?q? + !

2
?gqg = 0 ,

q̈g + !
2
g q̂g + !

2
?gq? + ⌘q̇g = ⇠ , (8)

Solving for equation (8), each stellar eigenmode will obey

q?(t) = �
X

!2S4
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where the frequencies, !, are one of four complex conjugate solu-
tions of the implicit equation2
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2
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g?}, (10)

which will have both a damped component, and an oscillatory one.
Figure 2 illustrates the damping of two modes when one in-

creases the drag on the gas component and shows the frequencies
which are roots of S4. As expected, the roots acquire a larger and
larger negative real part, and the lighter gas disc will drag the stellar
disc towards itself as it settles.

2.3 Stellar-Gas disc re-alignment

We can now investigate the relative orientation of sets of rings cor-
responding to the stellar and gaseous disc respectively, to under-
stand within the framework of the linearised Laplace Lagrange the-
ory how the two discs re-orient with respect to each other. We aim
here to account for the fact that the latter is subject to forcing by
RAM pressure on the one hand, and dissipation through shocks be-
tween rings on the other hand.

Let us first consider a idealised experiment when either the gas
disc or the is subject to a driven gas impulse which propagate to the
other disc before eventually both modes damp and the coupled sys-
tem settles. Gas response is significantly stronger. Figure 3 shows
the result of such experiment.

Figure 4 illustrates the damping of two modes when one in-
creases both the drag on the gas disc and its mass. As expected, the
lighter the gas disc, the longer the settling phase.

This is in qualitative agreement with the findings of the main
text, corresponding to the situation where a given galaxy enters a
group or a cluster and the gas component feels ram pressure from
the hot corona.

Finally, Figure 5 shows the same experiment, modulo the fact
that both the stellar and gas disc are subject to the same external
(gravitational) torque. In this situation

2 note how S4 reduces as it should to ! = ±!? and ! = ±!g when both
the friction and the coupling is nul.
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Figure 4. Top panel: The relaxation of gravitationally self-interacting
eigenmodes of gas and stars. The stars in red are driven towards the gas ori-
entation in blue. The level of damping increase from dark to lighter curves.
Bottom panel: The corresponding drift of the four roots of S4 defining the
frequency of the system. Note how the real negative part increases with
damping. I am puzzled by the fact that the roots jump around. I would have
naively thought we should have 4 branches.

Note that we can write a WKB solution for the slowly-varying
time-dependant counterpart of equation (21), calling

1

⌦
=

!
2

g?

⌘ (3!2 + !
2
?) + 2!

�
2!2 + !2

g + !
2
?

� , (24)

which is both an explicit function of the time-dependant frequen-
cies !g?(t),!?(t),!g(t) and friction term ⌘(t) and an implicit one
via equation (23), the cosmic solution obeys

q?(t) = �
X

!2S4

Z t

�1
exp

✓Z t

t0
!(⌧)d⌧

◆
⇠
�
t
0�
dt

0

p
⌦(t)⌦(t0)

, (25)

keeping in mind that the sum over ! 2 S4 yield 4 complex conju-
gate roots with different ⌦(t) each. Since this equation is secular,
it only involves the slowly varying part of ⇠.

As argued in Sec. 3.1, with cosmic time all frequencies will
stiffen (through increased stellar mass, and gravitational polarisa-
tion), while the amplitude of the secular stochasticity will decrease,
so that the relative alignment between the two discs will be ampli-
fied.

discuss relative frequency of gas and stellar disc reflecting
their relative mass?

3.4 Scale-dependent mode coupling

Let us finally revisit Hunter & Toomre (1969) presented in Sec-
tion 3.2 for a two component gravitationally coupled star+gas set
of discs (which again will give us access to the azimuthal variation
of the response).

Let us first expand each (m, k) mode as

u?|g(t, r) / û?|g exp(�ı!t+ ı

Z r

k(r
0
)dr

0
+ım✓) , (26)

for the two components labeled ? and g resp., using the radial WKB
approximation of tightly wound vertical displacement above and
below the disc, and seek first free waves solutions.

The dispersion relation generalising equation (17) for the two
gravitationally coupled waves obeys

�
�!

2 � !
2

?

��
�!(�! � ı⌘)� !

2

g

�
= !

4

?g , (27)

where, in close analogy with equation (17), we have
defined �! = ! �m⌦. The two frequencies obey
!

2

g|?(k) = ⌫
2
+ 2⇡G⌃g|?|k|, while the coupling frequency

obeys !
4

?g = (2⇡Gk)
2
⌃g⌃?, and we have introduced the damp-

ing rate ⌘ = ⌘0k
2 (where ⌘0 has the dimension of a frequency

times length square and is a measure of the effectiveness of the
energy dissipation on small scales) for the mode ûg(k,m). Here
⌦, ⌃g|? and ⌫ are slowly varying function of r.

A perturbative solution of equation (27) for ! in small !g?

and small ⌘ yield four (resp. gas-like and star-like) complex roots,
!j obeying

! = m⌦± !g +
!

4

g?

2!g(!
2
g � !

2
?)

� ı⌘d , (28)

! = m⌦± !? +
!

4

g?

2!?(!
2
g � !

2
?)

� ı⌘d , (29)

where

⌘d =
⌘ !

4

g?!
2

?

2(!
3
? � !2

g!?)
2 + !

4
g?(5!

2
? � !2

g)
. (30)

Equation (28) generalises equation (20) to the weakly coupled,
weakly damped disc. Lifting those assumptions, one could fol-
low the same route to write down the forced (k space, or k space
and time) WKB solutions, in close analogy with equations (22)-
(25), but the origin of the damping in clearer in equations (28)-
(30). Indeed, thanks to the (⌘ 6= 0) dissipation in the gaseous disc
and the gravitational coupling between the two discs (!g? 6= 0),
the stellar WKB modes will also damp. The energy dissipation
within the baryonic component propagates to the stellar waves, as
expected! Again, as argued in Sec. 3.1, the coupling frequency,
!g? / (⌃g⌃?)

1/4, will stiffen with cosmic time (through in-
creased stellar mass, and gravitational polarisation) so that ⌘d will
increase and oscillation of the stellar disc will damp away more
vigorously (until the gas disc becomes sub dominant, in which case
⌘d / ⌃g/⌃? and the damping becomes dominated by the first !?

on the r.h.s. of equation (29)). This is a clear illustration of the max-
imum entropy production principle operating to generate order out
of shock dissipation, through a self re-enforcing process.

Calling D(!, k) the difference between the l.h.s. and r.h.s. of
equation (27), we can define resp. the wave actions A = a

2
@D/@!

the energy !A and angular momentum densities mA of the wave,
while the corresponding fluxes are obtained by multiplication with
the group velocity @!/@k.

look at 16.3 in bertin 2000. Self regulation towards Q = 1

through cooling and heating functions (?)
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force field. The WKB solution to equation (18) then reads

q̂i(t)=

X

±

Z 1

�1

⇠̂i(t
0
)p

!i(t)!i(t
0)

exp

✓
±ı

Z t

t0
!i(⌧)d⌧

◆
dt

0
. (16)

As !i(t) grows the amplitudes of the fluctuations of all q̂i(t) de-
creases which cosmic time, reflecting ring alignement (8i , ✓i !
0). Hence the secular growth of the gravitational susceptibility
driven by the convergence toward Q ⇠ 1 will induce a stiffen-
ing of the restoring force between rings, and therefore damping of
all eigen-oscillations. Since the rings’ oscillations will be a linear
combination of such eigen-modes, they will all damp accordingly,
globally inducing the settling.

3.2 Tightly wound solution

It is in fact possible to push the limit of the N ring model in the con-
tinuum limit, which provides an alternative but equivalent formu-
lation of the setting process, while accounting for azimuthal varia-
tions.

Hunter & Toomre (1969) have shown that each (m, k) mode,
û exp(�ı!t+ ı

R r
k(r

0
)dr

0
+ım✓), of the radial WKB approxi-

mation3 of tightly wound vertical displacement above and below
the disc, u(r, ✓, t), obeys the dispersion relation

(! �m⌦)
2
= ⌫

2
+ 2⇡G⌃k . (17)

An important feature of this dispersion relation corresponds to the
positive sign in from of the surface density ⌃, which in contrast the
dispersion relation for in-plane self-gravitating spiral waves high-
lights the fact that the higher the (effective, dressing included) ⌃
the larger !. In equation (17), ⌫ and ⌦ are respectively the vertical
and azimuthal frequency of the disc, while k and m are the radial
and azimuthal frequencies. Let us now seek temporal secular WKB
solution to the time dependent forced evolution equation

@
2
û

@t
+ !

2
(t)û(t) = f̂(t) , (18)

where the left hand side reflect some stochastic specific force,
f̂(t) = ık ̂(t) corresponding to the external forcing on this dis-
placement. Here the potential  accounts for all (slowly varying
component of the) forcing (flybys, SN and turbulence induced fluc-
tuations). discuss here time decoupling between frequency of forc-
ing secular time, and timescale associated with radial WKB wave.
The WKB solution to equation (18) once again reads4

û(t) =

X

±

Z 1

�1

f̂(t
0
)p

!(t)!(t0)
exp

✓
±ı

Z t

t0
!(⌧)d⌧

◆
dt

0
, (19)

where !(k,m, ⌧) is a solution to the dispersion relation, equa-
tion (17):

!(⌧) = m⌦+

p
⌫2 + 2⇡G⌃(⌧)k , (20)

which implies that as the effective surface density ⌃(⌧) increases
(both because the disc becomes more massive and because it gets
closer to marginal stability) and the amplitude of the stochastic

3 Please note that we will consider two WKB approximations here: one
related to the spatial frequency of the wave and later one related to the
temporal variation of the frequencies of the wave
4 the corresponding asymptotic solution being û(t) ⇠ f̂(t)/!2(t)

forcing decreases (because the cosmic environment quieten and be-
comes out of sync with the frequencies of the system) the wave be-
comes stiffer, and the amplitude of the out of plane oscillation de-
creases (since !(t) increases and f(t) decreases in equation (18)).
This fate is true for each (m, k) mode independently. Through non-
linearities, the high k modes will diffuse away within the disc, so
that the injected energy by the stochastic external forcing does not
accumulate. The net effect will be disc settling driven by three com-
plementary processes: quieter environment, convergence towards
marginal stability and increased stellar disc mass.

Note that an adiabatic argument allows us to claim that if the
variation induced by the convergence towards marginal stability is
slow enough the vertical action Jz = Ez/!z(t) will be conserved,
which implies that as the vertical frequency grows, the energy of
the vertical oscillations, Ez , will decrease. This argument does not
capture the impact of the decrease of the fluctuation’s amplitude
with cosmic time. there is a sign pb here

3.3 Stellar-Gas disc damping

Let us finally study a double sets of rings corresponding to the stel-
lar and gaseous disc respectively, to understand within the frame-
work of the linearised Laplace Lagrange theory how the two discs
re-orient with respect to each other, and how the gaseous disc al-
lows the stellar disc to settle. We aim here to account for the fact
that the latter is subject to stochastic forcing by SN explosions and
dissipation through shocks between rings. Such processes will al-
low it to remove entropy from the stellar disc.

Let us therefore consider the dynamics of the set of coupled
gas +star eigenmodes for the stars, and the gas components, which
amplitude we will write q?, and qg respectively. We will consider
that each eigen mode has its own natural frequency, !? and !g

resp, a coupling term, !?g and a driving, ⇠ and damping ⌘ term
specific to the gas component. is it legitimate to only have one drag
in the eigenframe? The amplitude of each mode then obeys the set
of coupled equations

q̈? + !
2

?q? + !
2

?gqg = 0 ,

q̈g + !
2

g q̂g + !
2

?gq? + ⌘q̇g = ⇠ , (21)

Solving for equation (21), each stellar eigenmode will obey

q?(t) = �
X

!2S4

!
2

g?

Z t

�1
exp ((t� ⌧)!) ⇠ (⌧) d⌧

⌘ (3!2 + !
2
?) + 2!

�
2!2 + !2

g + !
2
?

� , (22)

where the frequencies, !, are one of four complex conjugate solu-
tions of the implicit equation5

S4={!
�� �!2

+ !
2

?

� �
! (⌘ + !) + !

2

g

�
= !

4

g?}, (23)

which will have both a damped component, and an oscillatory one.
Figure 4 illustrates the damping of two modes when one increases
the drag on the gas component and shows the frequencies which
are roots of S4. As expected, the roots acquire a larger and larger
negative real part, and the lighter gas disc will drag the stellar disc
towards itself as it settles. This is made more explicit in the next
subsection for displacement waves above and below equilibrium.

5 note how S4 reduces as it should to ! = ±!? and ! = ±!g when both
the friction and the coupling is nul.
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Figure 4. Top panel: The relaxation of gravitationally self-interacting
eigenmodes of gas and stars. The stars in red are driven towards the gas ori-
entation in blue. The level of damping increase from dark to lighter curves.
Bottom panel: The corresponding drift of the four roots of S4 defining the
frequency of the system. Note how the real negative part increases with
damping. I am puzzled by the fact that the roots jump around. I would have
naively thought we should have 4 branches.

Note that we can write a WKB solution for the slowly-varying
time-dependant counterpart of equation (21), calling

1

⌦
=

!
2

g?

⌘ (3!2 + !
2
?) + 2!

�
2!2 + !2

g + !
2
?

� , (24)

which is both an explicit function of the time-dependant frequen-
cies !g?(t),!?(t),!g(t) and friction term ⌘(t) and an implicit one
via equation (23), the cosmic solution obeys

q?(t) = �
X

!2S4

Z t

�1
exp

✓Z t

t0
!(⌧)d⌧

◆
⇠
�
t
0�
dt

0

p
⌦(t)⌦(t0)

, (25)

keeping in mind that the sum over ! 2 S4 yield 4 complex conju-
gate roots with different ⌦(t) each. Since this equation is secular,
it only involves the slowly varying part of ⇠.

As argued in Sec. 3.1, with cosmic time all frequencies will
stiffen (through increased stellar mass, and gravitational polarisa-
tion), while the amplitude of the secular stochasticity will decrease,
so that the relative alignment between the two discs will be ampli-
fied.

discuss relative frequency of gas and stellar disc reflecting
their relative mass?

3.4 Scale-dependent mode coupling

Let us finally revisit Hunter & Toomre (1969) presented in Sec-
tion 3.2 for a two component gravitationally coupled star+gas set
of discs (which again will give us access to the azimuthal variation
of the response).

Let us first expand each (m, k) mode as

u?|g(t, r) / û?|g exp(�ı!t+ ı

Z r

k(r
0
)dr

0
+ım✓) , (26)

for the two components labeled ? and g resp., using the radial WKB
approximation of tightly wound vertical displacement above and
below the disc, and seek first free waves solutions.

The dispersion relation generalising equation (17) for the two
gravitationally coupled waves obeys

�
�!

2 � !
2

?

��
�!(�! � ı⌘)� !

2

g

�
= !

4

?g , (27)

where, in close analogy with equation (17), we have
defined �! = ! �m⌦. The two frequencies obey
!

2

g|?(k) = ⌫
2
+ 2⇡G⌃g|?|k|, while the coupling frequency

obeys !
4

?g = (2⇡Gk)
2
⌃g⌃?, and we have introduced the damp-

ing rate ⌘ = ⌘0k
2 (where ⌘0 has the dimension of a frequency

times length square and is a measure of the effectiveness of the
energy dissipation on small scales) for the mode ûg(k,m). Here
⌦, ⌃g|? and ⌫ are slowly varying function of r.

A perturbative solution of equation (27) for ! in small !g?

and small ⌘ yield four (resp. gas-like and star-like) complex roots,
!j obeying

! = m⌦± !g +
!

4

g?
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2
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2
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� ı⌘d , (28)

! = m⌦± !? +
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where
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2 + !

4
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2
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. (30)

Equation (28) generalises equation (20) to the weakly coupled,
weakly damped disc. Lifting those assumptions, one could fol-
low the same route to write down the forced (k space, or k space
and time) WKB solutions, in close analogy with equations (22)-
(25), but the origin of the damping in clearer in equations (28)-
(30). Indeed, thanks to the (⌘ 6= 0) dissipation in the gaseous disc
and the gravitational coupling between the two discs (!g? 6= 0),
the stellar WKB modes will also damp. The energy dissipation
within the baryonic component propagates to the stellar waves, as
expected! Again, as argued in Sec. 3.1, the coupling frequency,
!g? / (⌃g⌃?)

1/4, will stiffen with cosmic time (through in-
creased stellar mass, and gravitational polarisation) so that ⌘d will
increase and oscillation of the stellar disc will damp away more
vigorously (until the gas disc becomes sub dominant, in which case
⌘d / ⌃g/⌃? and the damping becomes dominated by the first !?

on the r.h.s. of equation (29)). This is a clear illustration of the max-
imum entropy production principle operating to generate order out
of shock dissipation, through a self re-enforcing process.

Calling D(!, k) the difference between the l.h.s. and r.h.s. of
equation (27), we can define resp. the wave actions A = a

2
@D/@!

the energy !A and angular momentum densities mA of the wave,
while the corresponding fluxes are obtained by multiplication with
the group velocity @!/@k.

look at 16.3 in bertin 2000. Self regulation towards Q = 1

through cooling and heating functions (?)
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Dissipation in gas also brings down the  modes ⋆

Increasing dissipation

See also Bertin Romeo (1988) 195, 105-113



 

)LJXUH 3. 'HFRPSRVLWLRQ RI VWDU SDUWLFOHV LQWR GLVRUGHUHG DQG RUGHUHG (GLVF) FRPSRQHQWV LQ DQ              
H[DPSOH JDOD[\ DW UHGVKLIW ​]=1​. 7KH VL[ SDQHOV RQ WKH OHIW VKRZ WKH WRWDO (GLVRUGHUHG +                
RUGHUHG) DQG GHFRPSRVHG LPDJHV RI WKH VDPH JDOD[\. A WKUHVKROG YDOXH RI ​H​>0.5 LV XVHG WR                
LGHQWLI\ VWDU SDUWLFOHV WKDW IRUP WKH RUGHUHG FRPSRQHQW RI WKH JDOD[\. 7KH LPDJHV DUH LQ WKH                
UHVW-IUDPH ​U ​-EDQG. 7KH KLJK UHVROXWLRQ LPDJHV UHYHDO D UHDOLVWLFDOO\-WKLQ GLVF FRQVLVWHQW ZLWK            
REVHUYDWLRQDO GDWD​22,23​. 7KH WZR SDQHOV RQ WKH ULJKW VKRZ DQ LQGHSHQGHQW DQDO\VLV. 7KH\ DUH              
QRW EDVHG RQ ​H SDUDPHWHUV EXW RQ WKH WZR FRPSRQHQW ILWV WR WKH UDGLDO DQG YHUWLFDO SURILOHV RI                  
WKH JDOD[\. 7KH GHWDLOV DUH GHVFULEHG LQ 6XSSOHPHQWDU\ 0DWHULDO. A VLPSOH WZR-FRPSRQHQW ILW             
UHDVRQDEO\ UHSURGXFHV WKH UDGLDO SURILOH ZLWK D GLVF-WR-WRWDO UDWLR RI 0.58. 7KH ERWWRP             
ULJKW-KDQG SDQHO VKRZV WKH YHUWLFDO OLJKW-SURILOH ILW ZLWK WZR H[SRQHQWLDO FRPSRQHQWV. %\            
ILWWLQJ DW 1.44 NSF IURP WKH JDOD[\ FHQWUH, ZKLFK LV WKH VFDOH-OHQJWK RI WKH GLVF, ZH ILQG WKDW D                   
FRPELQDWLRQ RI WZR H[SRQHQWLDO FRPSRQHQWV PDWFKHV WKH YHUWLFDO SURILOH ZHOO. 7KHVH           
FRPSRQHQWV FDQ EH LQWHUSUHWHG DV WKH WKLQ DQG WKLFN GLVFV RI WKH JDOD[\.  
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

16Result from S.K.Y. ‘ talk.

Once in secular mode, the self regulated loop  

stratifies vertically stars by age,  while preserving the total double sech2 profile  
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Disk settling
Pre-existing disk stars get thicker  
with time due to heating

Galaxy keeps forming in // 
 young thin-disk stars

As a result,  the vertical distribution  
(scale heights of the two components from fit)  
do not change since disk settling

 Both star formation and vertical orbital diffusion are regulated by same (Q ) confounding factor 
 which produce stars and diffuse the stellar orbital structure.  

The stellar thick disc is simply the secular remnant of the disc settling process. 

→ 1

Q  1 confounding factor for joint thick+thin growth∼

Ddiff,dressed =
Ddiff,bare
ε(Q)2

∂ηSF

∂Q
< 0

Vertical orbital diffusion

SF efficiency
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… to a clear one! :-)From a complex picture…

Thin galactic disks are emerging structures of hierarchical clustering when secular processes take over. 

Appearance of improbable structure is paradoxically made possible by shocks, feedback and turbulence in disc.    
 
Processes radiates entropy, and wakes tightens a self-regulating  loop towards marginal stability,   
pumping free (rotational) energy from the CGM. Wake also tightens re-alignment.  
 

Proximity to marginal stability acts as confounding factor for thickening and star formation, explaining 
stratification of thin and thick disc (Yi’s talk).

Link to maximum entropy production?? 


